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ARSTRACT

The tarm WAVE EQUATION is a name applied
to & number of computer programs that
simulate and analyza impact pile dreiving
according to one dimensional aelastic wave
propagation theories. The concapt was
recagnized ovear a century ago, but was not
put Linto practice due to the complexity of
the problem and the difficulty of solving it
in closed form. Today, discrete mathematical
mathcds and the general availability of
electronic computars make the WAVE EQUATION a
vary practical and indispensable tool for the
analyses of pile driving. Queations regard-
ing hammar-pile compatibility. pile driving
stresses, and pile load cacrying capability
can be addressed and resolved by means of
simulated models and WAVE EQUATION analyses.
Discussed in this article are the ways in
which tha various components (i.a., hammec,
driving system, pile, and 3cil) are modalled,
mathematical details, and a dizcussion of
analysis rasults. Two casa histories will be
analyzed by tha WAVE EQUATION and results
compared with actually measured field
performance. Hoth steel and concrete plles
along with air/steam and diesel harmacz ace
considered. The quantitles used to evaluate
the pecformance of tha WAVE EQUATION are:
maximum  transferred hsmmer enargy, pile
driving stresses, and pile bearing capacity.
The GRLWBAP program i3 exclusively used in
thesa studies.

INTRODUCTION

The basic premise of dynamic pile
analysis ls vecy simple: The hacrder it is to
hammer & plle into the ground, tha mora load
it will be able to carry. It was not until
the 19th century that quantitative assess-
ments of pitle load bearing capability werae
seriocusly attempted. Applying MNawtonian
physics of rigid body Iimpacts, enginescs
formulated the relationship betwasn a pilae‘s

netration under a hammer blow and its

aring capacity based upon certain funda-
mental energy considearations. Thase formulas
are known as Dynamic or Energy Formulas.
More than 400 of these formulas have bean
proposed; the most widely used in tha United
States is probably the simple EZngineering
News Formula (ENR), published (1} by A. M.
Wellington in 1893,

Knowing the pile's pet undar a hammer
blow, the ENR formula suggests a pile working
load with an implicit safety factor of §.
Bxparience, howavar, indicates that this

squation yislds actual safaty factors as low
a8 0.5 and as high as 1§ or more, whan
compared to s3tatic load tests {2). In the
famous Michigan resmearch project (3}, {t was
raported that some of the mora elaborate
dynamic formulam gave predictions of pile
loads between 7 to 30 times the wmeasurad
value (4). In fact, a survey of the
literature shows that, more coften than not,
dynamic formuiss had been found to be grosaly
ipaccurate and unreliable to the axtent that
it i3 sauggasted they be phased out (S5) and
not be used to datarmins pilea beacing
capacity.

Actually, Newton  himself had warned
againat the application of his theory of
impact to the problem of pile driving (6}.
In addition to this basic criticism, the
shortcomings of the dynamic formulas are
rootad in their simplicity: incomplate,
crude, and over-simplified modeling of all
components involved. In spite of their noted
unreliability, dynamic formulas are still
used by gsome engineecs becausa of their awe
inspiring simplicity. . .This compromise can,
howsver, ba very costly.

On the othear hand, the observatiocn of
blow count or penetration per blow would be a
very convenient way to gage the quality of
pile foundations. ‘Thus, a rational, reliable
dynamic method of capacity prediction based
on blow count will continue to be a very
attractive alternative to very costly and
often difficult to pacform static testing.
The wWave Equation offars the snginesr such a
theoratically sound and accurate anaiytical
procedure., This papar provides an jinsight to
the methodalogy and a parformance evaluation
of tha wave Eguation of plle driving with
particular emphasis on the CRLWEAP program.

RACKGROUND

The first solution to the one dimensicnal
wave propagation problem in elastic rods were
given by 8t. Venent (7). He also suggested
the applicability of the “wave eguation” to

‘pile driving. Isaacs (8) and Fox (9)

presented work specifically directed towacds
the analysis of pile driving. Difficulties

‘in representing the real aystem, and thae

tadiocus mathematical computations involved
limited the succass of these earlier efforts.

In the 19508, E. A, L. Smith developed an
algorithm and later a computer program coda
for pile driving analyses (10}. it may be
that this program was the first application



of alectronic digital computmrs in non-
military engineering work. In the United
States, computer programs based on Smith's
pumecical soluytion becams known as the WAVE
EQUATION. Smith's concept was avaluated by a
number of researchars (11) and modifications
and improvements werm often suggested,
Today, tha mosat commonly used wave equation
programs are bamed on aither we2AP (12, 13} or
TTI (l14). Both programs had Fedaral Highway
Administration (FHWA) sponsorship. The most
recently released GHLWEAP i® a WEAP-bamed
program with a number of special options and
anhancemants for personsl computers.

Hisfory of GRLWEAP

The original WEAP (Wave Equation Analyses
of Plle Driving) was daveloped (12) under
PHWA spongorship starting in 1974 aftar {t
became evident that existing programs were
inadequate for the analyses of diewml pile
driving hammers. The WEAP authors had
accumulated field dynamic messursments with

which the program results were cempared.,
WBAP not only provided the usar with an
improved hammer model, but alsc with a

simpiified data input.
was mada in 1381. Research at the University
af Colorado (15) inte residual stress
analyses was incocporated in 1983 and the new
varaion was called CUWEAP. By 1986, advance-
mants in computer technology, new hammer
types, and additional research’ (16), suggest-
od the further updats of the program which
led to WEAPSS which alse incorporated the
rasults of the CU work.

A first WEAP updatas

WEAPA6 can ba executed on both mainframa,
or on an IBM PO, The main features of this
pew version, and the differsnces pbatween it
and the original progrem had been discussed
in various publications (17). after a one
year trial periocd, user feedback along with
new rwsearch findings were incorporated ia
1987 into a slightly ravised version called
WEAPST, including editorial changes in the
decumentation. The most recent version ia
GRLWEAP including preprocessing {GRLINP) and
postprocessing (GRLGRF) programs. Among the
improvements of CRLWEAP are

© Blow Count vs Depth (special option)
0 Blow Count vs Stroke (special option)

o Blow Count vs Capacity {traditional)
o Plla length up teo 1500 ft may be
analyzed {traditionally 300 ft)

o 8I or English Units

o Graphics During Execution for fully
automated processing

o Extensive hammer dats file

The minimum requirements, for tha °C i3 a 640
k byte memory and at least one disk drive.
However, it id suggested that a coprocessor
be used and a printer. Screen graphies woyld
take advantage of the program's many output
features,

Modeling Procedures

Improvements that the wave aguation offer
ovar dynamic formulas im the ability to
reslistically model all hammar, cushions,
pile cap, pile, and soil components. The so-
called lumped mas= modal i3 in reality a
discrete representation of the linear one-
dimensional wave eguation

dwarttac?alysd

whare is the rod displacement at point x
and time t. The ¢ value i® the square of
the wave ogspeed and is equal to aelastic
modulus divided by mass density. A typlcal
lumped-mass representation of a plle driving
system is shown in Pigure 1. In the actual
modeling procesa, the size of each mass is
determined from the waight of the segment
reprasented. Likewise, & spring would have
the same gstiffness as the represented
slement., Coefficients of restitution, round-
out deformations, and viscous dampers are
also included in the modal.
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Figure 1: Hammer, Driving System. Pile, 3oil
Model.

Bammar Modml., There are two basic types
of impact pile driving hamners: External
Combustion (EC), and Internal Combustion
{1IC). The former encompasses cable, alr,
steam, or hydraulically poweced hammers. The
later refers to diessl hammers. Murthermore,
both EC and IC hammecre may be subdivided into
singla, or double acting; indicating whether
powar i=x only used to move tha ram upwards or
also during 1its fall. For EC hammecs, the
represantation is straight-forward: a stocky
ram is usually represented by a 9ingle maas,
the hammer assembly (cylinder, etec,) by two
masses and springs.

for IC hammers, tha modeling iz more
involved., The slender ram 1s divided Into



saveral segments, one mass ix added for the
impact block, and the gas pressure of diessl
combustion iw calculated according to the cas

Law, The model considars the different
affects of liquid and atomized fuel infec-
tion. Since the sktroke of a diesel hammar is

partially depandent on soil resistance, the
program may (1} automatically compute the
stroke for esch resistance, {i1) analyze the
sama resistance with different strokes, oc
(111) analyze different rasistances with the
sama stroks. As part of the GHLWEAP data
fila, the models of over 200 commonly
encountered hanmers have been complled and
stored on disk for aasy access. Results of a
reswacch project on driving system perform-
ance (16) ware lneorporated in the
g;i!ormanca paramatars of the haomer data
.. .

]
=
fam CUSHION FORCE
7 —— MMEN CUSHION
L1 |lever y /
“"‘“-tgirtncuuiun
Dam— HL
‘ e -
COMPRESSION
e
¥igure 2: Driving System Model {a) and

Cushion Force Deformation Behavior
(b} (N.L. - Non Linear Range).

Reiving  System Model, This model
represents the hammer cushion, helmat and
pile top cushion (Figure 2s). . The helmat is
a very compact alement that contributes
littla or no flaxibility to the system, so it
is treated as =2 single masa assigned tha
weaight of all driving system parts. Both the
hammer cushion and thea pile cushion softan
the evffect of the impact on the ram and the
pile and thus behave like s=prings wheose
stiffnesn ix calculated from eiastic modulus
(B}, area (A}, and thicknass (t).

The cushion models alsmo contain a coefficient
of restitution to account for anergy
dissipation and a non~linear spring behavior

for low stresses (Figure 2b). GRLWEAP'S
User's Manual contains extensive tables of
helmet weight, modulus, and coefficient of

restitution for variouw manufacturerc's
suggested driving system componants.

Plla Model, To satisfy the basic wave
egquation, the pile length should be at least
tan times its dismeter. Plles can be made of
timber, conctete, steel, or any combination
of these materials. Their cross sectional
araa may be uniform, uniformly tapered, or
stap-wise changing.

Any pile can be modeled as & saries of masees

and eprings representing pile segments of
approximately 5 (%t length. The mass 1s
computed ax the product of matecisl maas
density, cross sectlional area, and segment
length. The spring stiffness s the preduct
of the elastic modulus and area divided by
segment length.

The usar may specify tha
segments, or leave itk to
compute. GRLWEAP can
to 299 elements.
pile model

number of pile
the program to
apalyze piles with up
Additional features of the
include dashpots betwean pile
segments to account for intecrnal pile
demping, and nonlinear springs Lo model
splicas and slacks.

Soil resistance to pile
raprasented by both a
velocity depsndent part.
segment below ground lavel a
#0il resistance model, la assigned, as
illustrated {n Pigure 1. The displacement
dependent component can be thought of as an
alasto-plastic spring. The deformation at
which the plastic behavior atarts is called
quake {g). For wuse with the GRLWEAP, 1t is
suggestad that a skin quake of 0.1 inch ba
assigned; the toe quake should be computed
from:

Sqil__Model,
penstration is
dispiacement and a
At each pile

q {toe) «~ D/120
{2

whera D iz the nominal pile tip dismeter in
inches. The velocity dependent oc dynamic
soil resistance i3 represented by a linear
dashpot. It {8 suggested that a value of
0.15 sec/ft be applied at the pile tip.
valued for skin friction are related to the
soil conditions and range between 0.0% and
0.2¢ mec/ft for non-~cohesive and cohesive
soils, respectively,

Normally, a series of static pile capacities
is analyzed. The program then requires the
input of the percentage of the ultimata which
is skin friction and the distribution of the
friction along the shatt, Thes user can
manually input the skin friction proflle, or
may choosa one of ten distributions already
stored as part of the data file. GRLWEAP
offers tha user the capability to analyze a
pile for different Iinput capacities with a
constant end beacing, constant skin friction,
or the traditional method of resistance
increasing for both friction and end bearing.
Purthermore, Iif the user inputs a unit
friction and end bearing as a function of
depth then the program calculates stresses,
transferred energies and, most importantly,
blow count at up to 10 penstration points.
The option for analyzing multiple hammer
blows for residual stresses (s also available
to the GRLWEAP user.

Summary of Input Parsmetmrs The
following is a general summary of the
diffarent parameters nesded for the execution
of a wave equaticn analyses:

Hammer: model and efficiancy.
Hammer and/or Pile Cushion: area, thickness,



alastic modulus, snd coefficlent of
restitution.
Helmeat: Weight including all cushion

matarisls and any insects.

Pille: area, elastic modulus, and mansse
density, all as a functlion of pila length.
Soil: total static capacity, peccent siein
friction and 1its dlatribution, quakes and
damping constants, both along the shaft and
at the toe or altsrnatively a soil analysis
as 8 function of depth.

In tha beginning of
the snalysis, ail driving syastem, pile, and
soil components are assumed at rest and under
zero stress condition (this assumes that no
residual stress analyses was alected). The
ram is aasmigned an impact velocity computed
from the fall height and hammer afficiency.
During a semall time increment, Lthe ram moves
& short distance compressing the hammer
cushion and exerting a force [computed from
spring stiffness and deformation) on the
heimat. The acceleration of the helmet
seqmant, computed from the appiied forces, is
inteqrated to vyield the changa in valocity
and displacement for the time step. With the
new displacement vasluas, updated forces in
all the gprings can then be computad.
3imilar computations are made for each pile
sagment. For gegments with soil resistance,
segment displacement and velocity are used to
compute resisting forces, which are  alsc
included in tha force equillbrium equaticas
for that element. Once forces, accelaca-
tions, velocities, and displacements for all
alements are computed, the analyses is
repaated for the next time step starting from
the current parameters.

The user has the option to sgpecify the
total length of time the analyses should ba
carried out, or the program will automatical-
ly stop when tha pile rebounds a short
distance. At the end of the analyses, pile
parmanent set (the Inverse of blow count) is
calculated by subtracting a weighted quake
averags from the wmaximum computed toa
dimsplacement. Thus, for the given static
capacity analyzed, a pile set under a hammer
blow is westablished: the stresses along the
plle shaft are caiculated from the deforma-
tions of the pile springs. The analysis may
be repeated for snother static capacity and a
bearing graph is established (ses axampia).
The program's actual algorithms are more
complex than described but for the purpose of
general understanding of the proceass, this
descripticn seems adequate.

In practics, the wave equstion analywes
is empioyed to deal with one, or both of the
following questicna:

1. Given a complete demscription of hammer,
cushions, pile, and soil; can the pile be
safely driven to the required bearing
capacity?

Z. What is tha static bearing capacity of
the pile given the pile driving or
restrike blow count?

In the first problem propec equipment
selsction or the pile design can be vecified
bafore actually going in the field,
Calculated stresmes in the pile should remain
safely below yield or compressives/tensile
strangth of the plis  matercial. The
calculatad blow count should be sconomical
for production.

In the sacond situation, the pile must be
driven to that biow count that corresponds to
the required ultimate pile capacity. The
ultimate capacity must be greater than the
deaign load. Usual safety factory are at or
above two.

It should be noted that accurste predictions
of long term pile bearing capacity are only
possible if the pile is tested during a
restrike. The time batween initial instalia-
tion snd retap depends on the soil's speed of
strength change sfter driving.

MAVE POUATION ANALYSIS PROCEDNURE FXAMPLES

To ifllustrate the applicability, and to
evaluate the parformance of the wave equation
analyses, f{iwo specific examples will be
investigated. Analyses rmmults will be
compared to actual fleld dynamic measure-
ments, or full scale astatic joad tests.
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Figure 1: Bearcing Graph, Example 1.
EXAMPLE )

: The existing subsurface
conditions at a proposed construction site
dictatad the use of driven piles as a
foundation system. The soil conditicns could
anerally be described as a layer of fill,
cose to firm alluvial =»ilts oand residual
woil overlaying partially weathered rock.
The overburden thickness varied from 20 to 40
fwat across the site, It was decided to use
12X51 steel H-plles with lengths between 25
and 45 ft. The proposed hammec was a Dalmag
D 16-32 open end diesel hammer:; to be used on
fusl setting Ne. 3. The driving system would

" consist of aluminum and conbest sandwich and

a helmet of 2.15 kips.
demigned for an ultimate
capaclity of 400 kips.

Each pils was
static bearing

Bequired: Given the above information,
can the proposed hammer safely drive the pile
to the required capacity? What is the ex.
pected driving resistance and pile stresses?



.00 et rreferms fremmfesreemieet e
feg | 2 3 4 5 8 7 & @& /e
Forcue
Figure 4: Forces in Pile va Time for
Exampls 1

Solutlon: A wave equation snalymes using
the GRLWEAP program wae pacformed to avsluate
the prcoblem above. An aversge pils length of
15 ft was used. 3tandard soil, and driving
system paramaters ware input. The stored
hammer model. along with its suggested hammer
afficiency were ealected. A summary of the
analyses inputs, along with resuite plotted
cutputs are ashown in Figure 3. The results
are presmnted in the form of a bearing graph
ralating pile capacity, driving stresses, and
hammar astroke to driving resistancs. A
GRLWEAP generated pict of fores histories for
seven pile segments is shown in Pigure 4. 1t
waw found that in order for the pile to
develop a capscity of 400 kips, the blow
count should be 11 blows par inch with a ram
stroke of 7.8 ft and & transferred snergy of
13 kip-ft. At this driving resistance, the
pile compressive driving stresses are
expacted to averags 14.4 ksi.

During pile driving, dynamic meamursmentis
snd analyses (18) of pile top force and
valocity using the Pile Driving Analyzerly
(PDA) and CAPWAPC methed were performed on
several plles as part of & conetruction
quallity control program. In the fielid, the
PDA computed maximum pile top compressive
wtress, trunsferred energy, and Casa Method
pile capacity for every hasmer blow. Also

measured by the POA waw the hammer rate of-

opearation in blows par minutes, which was
converted to ram stroke assuming a free fall
condition with a small correction. Of those
piles driven to between 10 and 12 BPY whils
the hammer was on fuel setting No. 3, sight
ware monitored with the pDaA. GRLNEAP
pradictiona of pile capacity, compressive
stress, trcansfecred energy, and ram stroke at
& driving resistance of 11 BPI, ware compared
to the aversge fleld measured data on these
aight piles.

Correlations batwesn GRLWEAP predicted,
and fleld measured pils driving dynemic
variables fall within expsctad limits of
accuracy. The average measured pile capacity
was 428 kips (7v differsnce), hammer stroke
8.2 ft (S%) transferred energy 15 kip-ft

©(15%), and pile compressive stress 29 kai
{-18%).
EXAMPLE 2
This exampla tllustratas the effac-
tiveness of the wave equation analyses in

assessing the static bearing capacity of a
pruviousiy driven pile. Approximateiy three
days after initial installation, the pila was
restruck with & pile driving hammer, and was
statically load tested a faw hours later.
The restrike driving resistance was avaluated
by GRLWEAP for plle load capacity pradiction,
which wans then compared to the actual
messured value, .

Under consideration was a 12-inch square
60 ft long prestressed concrete pile. The
top 13 ft of soil consisted of atiff to hard
red-brown gilts and clays with Hwvalues in
the upper 20s. Tha next 315 £t contained
atlff to hard fine sandy ailt, with N-values
increasing from 15 to 40 with dapth, under
which a hard weathered rock was encountered,
Driving and restriking were accomplished with
a Conmaco 6SES single acting air/staam
hammer. Standard hammer cushions and pile
cap wers uded, Ten 3/4* thick sheets of
plywood ware employed as pile cushion. The
final penatration and driving resistance wera
teported to bam 45 ft, and 5 blows/inch,
respactively. The restriks consisted of five
hammmer blows that resulted in a pile net set
of half ° an inch {an equivalent of 120 blows
per foot).
Table 1: Numerical Bearing Graph Results,
Example 2.
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A summary of the analywes input variables
is pcesented in Figucre 5, along with a

Bearing Graph relating pila capscity and
driving stresses to blow count. This results
is also given numerically in Table 1. At 120

blows/ft CRLWEAP predicted a pile capacity of
390 kips.

A few hours after
plle was subjected to & static load test.
Tha pile was loaded to 414 kips in 40 kip
increments at 10 minutes intscvals, The pile
top load versus set wers plotted, and the
re=sulting graph intearprated according to
Davisson's criteria (l18) for failure load
determination; which was found to bea 410
kips. The error between GRLWEAP predicted
and measured ultimate static pile capacity
values was only 5 percent.

it was rastruck, the

CONCLUSTON AND BECOMMFNOATIONS

The background and davalopmeant of the
wave equation analyses of pila driving, the
modeling of hammer, driving system, pile, and

soil, snd the numerical procedure wers
discusaed. Thae GRLWEAP program history,
mathodology, capabilities, and performance

wera emphasized. The applicability of the
analyses in predicting pile sastresses and
capacities was demonstrated by two examplas.
Correlations between CRLWEAP predicted and
fiald measured quantities gshowed very good
program performance.

Tha avallability of micro-computers, and
the sutomatad program exscution procedures do
not reiiave the engineer from the responsi-
bility of checking his results. All User
Manual suggested input values represent an
average behavior, it is the enginesr's
regponsibility to make sure that theses
conditions apply to the job at hand. This is
particularly true for the hammer {(taelf as
identically rated hammers hava often been
observed to vary by up to a factor of two in
actual performance which can lead to large
srrores in any dynamic method if not properly

recognized. Sensitivity studies by varying
the least known parameters should be per-
formed. Analyses results may be vecified
with actual fileld measurements which will
confirm, or provide a  basis for input
assumptions corrections. It  sghould be

remembered that the results from any computer

program are only &8 reliable as the input

data.
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